Black hole spectroscopy from null geodesies 
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The quasinormal mode frequencies can be understood from the massless particles trapped at the 
unstable circular null geodesies and slowly leaking out to infinity. Base on this viewpoint, in this 
paper, we construct the quantum entropy spectrum of the stationary black holes from the null 
geodesies using the new physical interpretation of the quasinormal mode frequencies proposed by 
Maggiore. Following this idea, we calculate the spacing of the entropy spectrum for various types 
of black holes with or without the charge and spin in any dimension d of the spacetime. The result 
shows that the spacing closely depends on the charge, spin, and the dimension of the spacetime. 
Moreover, for a black hole far from the extremal case, the spacing is found to be larger than 2ttH 
for d — 4, while smaller than 2nh for d > 5, which is very different from the result of the previous 
work by using the usual quasinormal mode frequencies, where the spacing of the entropy spectrum 
, is 2nh and is independent of the black hole parameters and dimension d. 
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I. INTRODUCTION 

' The quantization of the black hole horizon area and entropy has been a fascinating subject. The pioneer work 
can be traced back to Bekenstein [l[ with the famous conjecture that the black hole area should be represented by 
i - 1 ' a quantum operator with a discrete spectrum of eigenvalue in a quantum gravity theory. Regarding the black hole 
^ i' horizon area as an adiabatic invariant, the equidistant area spectrum was obtained 

with n an integer. From the dynamical modes of the classical theory, many attempts have been devoted to obtain 
such equally spaced area spectrum, whereas the spacing may be different from 7 = 87r [H-Q ■ 

In the respect that a black hole can be determined by a few parameters (such as mass, charge, and angular 
momentum), they come very close to our notion of elementary particles, especially like the hydrogen atom. Therefore 
characteristic vibrations of them, known as the quasinormal mode (QNM) frequencies [hIEI, should play a significant 
role in black hole physics. The result is encouraging. Based on Bohr's correspondence principle that "transition 
frequencies at large quantum numbers should equal classical oscillation frequencies" , Hod fl2l [l3| connected these 
classical oscillation frequencies with the real part of the highly damped QNM frequencies. Then he obtained the 
spacing of the area spectrum AA = (41n3)S for a Schwarzschild black hole. On the other hand, Kunstatter [l4| 
also derived the same area spectrum through the adiabatic invariant. The similar argument was also used to fix the 
Immirzi parameter by Dreyer [l5j |. This rejuvenates a great interest in the investigation of the black hole area and 
entropy spectra via the interpretation of the QNM frequencies (l6l - l22j | . 

It has been, recently, pointed out by Maggiore [23j that, in high damping limit, the proper frequency of the 
equivalent harmonic oscillator ui(E), which is interpreted as the QNM frequency, should be of the following form 
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u{E) = VH 2 + N 2 , (2) 

with ujr and uii the real and imaginary parts of the QNM frequency, respectively. Following this idea, the Bekenstein's 
area spectrum will be recovered for a Schwarzschild black hole. Vagenas and Medved [24| [2f| applied this idea to 
derive the area spectrum of a rotating Kerr black hole with the choice of Aui(E) = (|a>/|)„ — for uji ^> ojr. 

The area spectrum calculated with the modified Hod's method is equally spaced with spacing AA = 8irh, which 



* weishw@lzu.edu.cn 

* liuyx@lzu.cdu.cn, corresponding author 
t fuchc08@lzu.cdu.cn 



2 



agrees with the Bekenstein's spacing. While employing the Kunstattcr's method, the spectrum is nonequidistant. 
And the spacing is angular momentum dependent. Mcdved p5| argued that the Kunstatter's method requires that 
the black hole should be far from the extremal one, i.e., small angular momentum limit. Considering this, the area 
spectra calculated from these two methods coincide with each other. Equivalently, the entropy spectrum can also 
be obtained using the Bekenstein-Hawking entropy/area law S = A/ '4, i.e., S = 2irh ■ n with spacing AS* = 2ttH in 
Einstein's gravity. However, when extended these results to the modified gravity theory, the area spectra were found 
not to be equidistant any more, while the entropy spectra were still in the form as that of the Einstein gravity [26Ll27|. 
Moreover, these results have been applied to different black holes (28l - [38j and the same area and entrop y sp ectra were 
observed. The spectra can also be found with the quantization of the angular momentum component [39l l40j , which 
gives the same results as that obtained from the QNM frequencies. Black hole spectroscopy can also be obtained 
from the quantum tunneling method [4lM49| . In [471 ] . the author argued that the entropy spectrum is S n = nh with 
spacing AS = h independent of the black hole parameters, gravity theory, and the dimension of the spacetime. The 
spacing was also suggested to be the lower bound of the entropy spectrum [49[ . 

As we know, the QNM frequencies are determined by solving the perturbation equation with the boundary conditions 
that only purely outgoing at infinity and i ngoing at the horizon. In a black hole background, null geodesies appear 
very useful to explain the QNM frequencies [5014551 ] . The QNM frequencies can be interpreted in terms of the massless 
particles trapped at the unstable circular null geodesies and slowly leaking out to infinity. The real part of the QNM 
frequencies corresponds to the angular velocity at the unstable null geodesies, and the imaginary part is measured 
by the instability time scale of the orbit. In the eikonal limit (m 3> 1), the QNM frequencies of the black holes 
approximately read 



with £l c the angular velocity at the unstable circular null geodesic and A Lyapunov exponent. This result is not 
only valid for a static, spherically symmetric and asymptotically flat line element in any dimension, but also for the 
equatorial orbits in the geometry of a rotating Myers- Perry black hole in higher dimensions [55j . The parameters fl c 
and A, as we will show, can be both expressed in terms of the radius of the unstable circular null geodesies for an 
arbitrary stationary black hole with the asymptotics ([5]). 

Based on such view of the QNM frequencies, the strong gravitational black hole lensing, high-energy absorption 
cross section were found to be related to the unstable circular null geodesies [56|, [57} with some impressive results 
obtained. It is therefore imperative to find the relation between the thermodynamic quantity of a black hole and 
the unstable circular null geodesies. Motivated by this idea, in this paper, we aim to study the entropy spectrum of 
the black holes from such view of the QNM frequencies. Employing the Hod's method, we found that the entropy 
spectrum of an asymptotically flat black hole can be expressed in terms of its unstable circular null geodesies. And 
the spacing of the entropy spectrum is found to depend on the charge, spin, and the dimension of the spacetime, 
which is very different from that of the previous work by using the usual QNM frequencies 1 . Moreover, the result 
shows that the spacing AS of the entropy spectrum decreases with the dimension d of the spacetime. For d = 4, AS 
is larger than 2ttH, while for d > 5, it is smaller than 2ttH. Moreover, the spacing AS will be below the low bound 
obtained from the tunneling method as suggested in [49j ] when d is larger than 151. 

The paper is organized as follows. In scction|Hl we investigate the null geodesies of an asymptotically flat spacetime. 
Then we get the relationship between the entropy spectrum and the null geodesies. In section IIII1 we explore the 
entropy spectrum in a static and spherically symmetric black hole. And we generalize it to the stationary and 
axis-symmetric black hole in section IIVI The final section is devoted to a brief summary. 



In this section, we first study the null geodesies of a black hole, and then show the QNM frequencies obtained from 
the view described above. Further, based on such view, we interpret the black hole entropy spectrum through the 
null geodesies. 

Here we assume that the equatorial metric (0 = tt/2) of a black hole background is in the following simple form 



wqnm = c m - i(n + 1/2) J AJ, 



(3) 



II. ENTROPY SPECTROSCOPY AND NULL GEODESICS 



ds 2 = -A(r)dt 2 + B{r)dr 2 + C(r)d(j) 2 - D{r)dtd4>, 



(4) 



In order to distinguish the QNM frequencies obtained through solving the perturbation equation from such view, we refer these from 
the perturbation equation as the usual QNM frequencies. 
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which can describe the equatorial plane of a static, spherically symmetric black hole or a stationary, axis-symmetric 
black hole. We only require that these metric functions satisfy the following proper asymptotics 

A(r oo) = 1, B(r ->oo) = l, C(r ^ oo) =r 2 , D(r ->• oo) = 0. (5) 

The geodesies of a massless particle in the equatorial plane of such black hole background (j4|) can be easily obtained 
via the Lagrangian, which reads 

2C = g^afV = -A{r)i 2 + B(r)f 2 + C{r)4> 2 - D{r)t4>. (6) 

The dot over a symbol denotes the ordinary differentation with respect to an affine parameter. The generalized 
momentum reproduced from this Lagrangian is p^ = = g tiv x v with its components given by 

• D(r) ■ 

Pt = -A(r)t-^f-<f> = -E, (7) 
D(r) 

= ^-+C{r)4> = l, (8) 

Pr = B(r)r. (9) 

The parameter E is the energy of the particle and I is the orbital angular momentum of the particle in the (f> direction 
measuring by an observer at rest at infinity. Solving ([7J and ((5J , we have the t-motion and (^-motion 

■ 4C(r)E-2D(r)l ■ 2D(r)E + 4A(r)l 

4A(r)C(r)+D(r) 2, 9 4A(r)C(r) + D{r) 2 ' [ ' 

The Hamiltonian of this system is 

2% = 2{p^-C) 

= -A{r)i 2 + B{r)r 2 + C(r)<j) 2 - D(r)i<j> = S. (11) 

Here 6 = —1,0, 1 are for timelike, null, and spacelike geodesies, respectively. Since we focus on the null geodesies, we 
take 5 = 0. Then inserting (flU)) into (fTTj) , we get the r- motion 

■ 2 = _±_ f C{r)E 2 -D(r)El-A(r)l 2 \ ^ 



which can be further rewritten as 



B(r) \ 4A(r)C(r) + D(r) 2 



r z + V eS = 0, (13) 



with the effective potential V e & = ~~j^yj ( C ^j^. ) c(r)+ TJtx^ ) ' uns ^ a t'l e circular orbit is determined by V e g 

through the following conditions: 

V e * = 0, ^S = 0, ^f<0. (14) 
or ar z 

The third condition ensures the instability of the orbit. And from the above conditions, it is easy to find that the 
unstable circular orbit is located at the local maxima of the effective potential. And the first two conditions yield 

A{r)l 2 + D(r)l - C(r) = 0, (15) 
A'(r)l 2 +D\r)l- C'(r) = 0, (16) 

where the impact parameter I = l/E, and the prime denotes the derivative with respect to r. Solving (|15[) . we get 
the impact parameter 



r_ -D(r) + y /4A{r)C{r)+D{r)i 

2A(r) • [<) 

The minimum impact parameter l c is measured at r = r c with r c the radius of the unstable circular orbit, which 
satisfies the equation derived from (fi"6|) 

A C C' C - A' C C C + l c (A' c D c - A C D' C ) = 0, (18) 
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where the down index "c" means that these functions are evaluated at r c . Given the explicit forms of the metric 
functions, we can obtain the radius of the unstable circular orbit, which corresponds to the largest root of equation 
(fT8|) with the unstable condition satisfied. For the Schwarzschild black hole, we easily get r c = 3AI. The Lyapunov 
exponent A and angular velocity O c are two important quantities to measure the property of the unstable circular 
null geodesies, which are defined as 



A 



2t 2 

Combining by the effective potential and the null geodesies, we find that 



(19) 



A=p Q c = l, (20) 



with k in a compacted form 



_ A C C% - A!' C C C + l c (A'^D c - A C D") 



2A C B C v ' 

In (55|, the author showed that, for the <i-dimensional Myers-Perry black holes, the real part of the QNM frequency, 
or the angular frequency of the equatorial circular geodesies is the inverse of their impact parameter. Here we clearly 
show that this is a general property and it holds for any stationary, asymptotically flat black hole. Inserting the 
parameters A and f2 c into ([3]), we will get the QNM frequency corresponding to the metric (£[]), 

ui = -(m-i(n+ 1/2) k). (22) 

Then the vibrational frequency Auj could be written as 



Auj = v/(A^) 2 + (AwT) 2 

= iVl + K 2 , (23) 

'c 

where Au> R = (\oj R \) m - (\uR\) m -i and Ao; 7 = (|wj|) n - (\u3i\) n -i. 

According to the Bohr-Sommerfeld quantization rule, substituting this vibrational frequency into the Clausius 
relation AQ = HAlu = TAS yields the entropy spectrum 



HAlo VT 



K 



2 



S = —^-n=- = h-n, (24) 

T TL 



with spacing 



AS = Vl t W \ (25) 
TL 



where T is the Hawking temperature of the black hole. From this expression, we see that the spacing depends both 
on the temperature of the black hole and the property of the unstable circular null geodesies. Using the Bekenstcin- 
Hawking entropy/area law S = A/4, the area spectrum can also be obtained, which is also obviously dependent of 
the temperature and the null geodesies. 

To close this section, we would like to remark that, the area and entropy spectra obtained from such view of the 
QNM frequencies is not only valid for a static and spherically symmetric black hole, but also for a stationary and 
axis-symmetric black hole with the asymptotics ((5|). In order to work out more details about the spectra, we will 
apply this method to different black holes in the next of this paper. 



III. STATIC AND SPHERICALLY SYMMETRIC BLACK HOLES 



In this section, we would like to apply the above method to study the entropy spectrum of the static and spherically 
symmetric black holes in any dimension. 
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A. rf-dimensional Schwarzschild black holes 



Here, let us consider a specific example, the d-dimensional Schwarzschild- Tangherlini metric, which is 

ds 2 = -f{r)di 2 + r\r) + r 2 dnf d _ 2) , (26) 

f(r) = 1 - (j) , (27) 

where dfl 2 d _ 2 ^ is the line element of the unit (d — 2)-dimensional sphere g^ -2 ) with the usual angular coordinates 
<j> € [0, 2ir] and 0i € [0, n] (i = 1,2, ,.,,d — 3). The parameter denotes the outer horizon radius of the black 

hole, which is related to the ADM mass of the spacetime as AI = — — — with A( d -2) the area of a unite 

(d — 2)-dimcnsional sphere. The temperature of this black hole is calculated as 



T 



sch 



d r f(r) 



-in 



(rf-3) 



(28) 



Note that T sch is proportional to the inverse of the horizon radius, which means a supcrmassive black hole has a low 
temperature, while it has strong gravitational effect. This result holds for any dimension of the spacetime. 

Next, let us examine the null geodesies of this spacetime. We only restrict our attention to the equatorial hyperplane 
defined by 6i — tt/2 with i = 1, {d— 3). Then the metric reduces to 

ds 2 = -f{r)dt 2 + f^i^dr 2 + r 2 d(/) 2 , (29) 

Comparing with we easily get 

A = f(r), B = f-\r), C = r 2 , D = 0. (30) 
Thus, by solving equation (|18p . the radius of the unstable circular geodesies will be obtained 

—) Th - (31) 

It is worth noting that we always have r c > for any value of d > 4. When d = 4, we get the usual result that 
r c = |r/i. And when d — > oo, the unstable circular orbits radius will approach the horizon. A straightforward 
calculation shows 







/ (d - 3) 





l c = 1/73— -S- r h, (32) 



K = Vd-3. (33) 
Thus, the vibrational frequency deduced from (|2"5f reads 

Auj = (d-2)(l- (2(d- l)) 3 ~ d ^. (34) 

Then, the spacing of the entropy spectrum is 



AS = 2^7r(Vlj 2(3 "y^-]ft. (35) 

From this equation, it is clear that the spacing of the entropy spectrum depend on the dimension d of the spacetime. 
And when d — > 00, we find the spacing monotonically decreases to zero. We list the spacing of the entropy spectrum 
for d = 4 — 10 in table HI One easily learns from the table that, for d = 4, the spacing is the largest one with 
AS »s 2.17747rft > 2ttH. However this spacing will be smaller than 2irh when d > 5. Therefore this result is very 
different from these obtained in the previous work from the usual QNM frequencies, where the spacing is 2ttH and 
independent of the dimension d. Moreover, we are aware that the spacing AS" will be below the low bound obtained 
from the tunneling method as suggested in j49j for d > 151. 
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d 


4 


5 


6 


7 


8 


9 


10 


AS 
2nh 


1.0887 


0.8660 


0.7610 


0.6936 


0.6446 


0.6062 


0.5749 



TABLE I: The spacing of the black hole entropy spectrum for different values of the dimension d of the spacetime. 



B. d-dimensional Reissner-Nordstrom black holes 



It is natural to speculate that the presence of the charge will dramatically change the spacing of the entropy 
spectrum for a Schwarzschild black hole. So it is worth to examine, the charged Reissner-Nordstrom black hole in any 
dimension. 

The line element describing this spacetime is in the same form as (|26[) . while with different metric function 

/(*") = 1 - + ^3) . ( 36 ) 
where the parameters m and q arc linked to the mass M and charge Q as 



8ttM 2 8ttQ 



2 



(d-2)A d _ 2 > Q (d -2)(d- 3)^_ 2 " (3?) 
Solving f(r) = 0, we get the horizons located at 

r d ± s = m± yjm 2 - q 2 . (38) 

From this equation, we note that there may exist two horizons for q/m < 1, one horizon for q/m = 1, or no horizon 
for q/m > 1. Here wc arc only interesting in the noextremal black hole with outer horizon = r+. Therefore, the 
temperature of the outer horizon is 



In the equatorial hyperplane, the reduced metric has the form of pop with f(r) given by (|3fc>|) . The radius of the 
unstable circular orbit is calculated as 



r d- 3 = (d-l)m+^(d-l) 2 m 2 -4(d-2)f _ {m) 



For d = 4, we have r c = 3AI+ V 9 ^' r 8 Q ^ which implies that in the range 1 < jjj < 9/8, the naked singularity located 
at r = is surrounded by a photon sphere rather than a horizon. A simple calculation shows 

r d-2 

l = c (41) 



r 2 c {d ~ 3) ~ 2mr d - 3 + q 



2 



K = r 3 c ~ d \Jr 2 c (d ~ 3) + (d- l)(d - 4)mr d - 3 - (d - 2)(2d - 7)q 2 . (42) 
Then the spacing of the entropy spectrum is 



2^?-yi-2rr d Wr c 2(3 -<V 
(d-3)r c (m-r 3 h - d q 2 ) 



x ^2 - (d - 2)(2d - 7)r 2 c {3 ~ d) q 2 + (d - 4)(d - l)r^ d mft. (43) 

For a clear view, we plot this spacing in Figure [T] for different values of d and the dimensionless charge parameter 
q/m. When q = 0, the result will reduce to the Schwarzschild black hole case. Although the spacing depends on the 
charge q/m, however from the figure, we find that the spacing for the same d varies very slowly in the small charge 
case. When the dimensionless charge parameter q/m approaches one, the black hole will approach an extremal one, 
and the spacing blows up mainly due to the vanishing temperature of the extremal black hole. 




0.4 — 
0.0 



0.2 



0.4 



0.6 



0.8 



q/m 



FIG. 1: The spacing of the entropy spectrum for the Reissner- Nordstrom black holes as a function of the dimensionless charge 
parameter q/m for d = 4, 5, 6, 7, 8, 9, 10 from top to bottom. 

IV. STATIONARY AND AXIS-SYMMETRIC BLACK HOLES 



In the above section, we consider the static, spherically symmetric black holes. The result shows that the spacing of 
the entropy spectrum depends on the dimension d and dimensionless charge q/m of the black holes. And the spacing 
is larger than 2irh for d = 4, and smaller than 2irh for d > 5 in small charge, which is very different from the result 
obtained through the usual QNM frequencies. In this section, we will generalize this method to the stationary and 
axis-symmetric black holes: four-dimensional Kerr black holes and d-dimensional Myers-Perry black holes. 



A. Kerr black holes 

In Boycr-Lindquist coordinates, the four-dimensional Kerr metric is expressed as 

2 (, 2Mr \^,P 2 ,2, 2 M 2,( a , 2 , 2a 2 Mr sin 2 8\ 

=- dt + -r-dr + p dv + a + r H r 

P ) A \ p 2 



AaMr sin 2 6 
? 



dtd<j), (44) 



where A = r 2 — 2M r + a 2 and p 2 = r 2 + a 2 cos 2 9. Here M and a are the mass and spin of the black hole, respectively. 
It is well known that this black hole has two horizons determined by A = 0, i.e., r± = M ± v 7 M 2 — a 2 . When 
a/M < 1, there is the outer horizon = r + endowed with a temperature 



Vm 2- 



2 



yKorr = v - - _ / 45 N 

4ttM(M + VM 2 - a 2 ) 

In the equatorial plane, the metric is of the general form (jj) with metric functions given by 

A(r) = l-— , B(r) = ^, C(r)=r 2 , D(r) = ^-. (46) 

Note that when the spin a approaches 0, the Kerr black hole will reduce to a Schwarzschild black hole. And in the 
equatorial plane, we have a vanishing D(r). Solving (|18[) . we get the circular orbit radius 

r c = 2M\1 + cos Qarccos(=F|a|/M)JJ. (47) 

Here, the upper sign is for the corotating orbit, while the lower sign is for the counterrotating orbit. It is also worth 
noting that the counterrotating orbit is located far away from the horizon than the corotating orbit. Then we are 
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FIG. 2: Behavior of the spacing of the entropy spectrum for the Kerr black hole. 



allowed to calculate the parameters l c and k, 

~ 2aM - r c VA c 



2M-r r 



(48) 



y r3(r c -2M) 2 
with A c = A(r c ). Then we get the spacing of the entropy spectrum 



A c [r 2 (r c - 2M) + AaMja - y^)] ^ 



AS* 




A c (4a 2 M + r 2 (r c - 2M)) - 4aMA 3 c /2 + rf (r c - 2M) 2 

r A c -2aM) 

x4nM IM + \JM 2 - a 2 J h. (50) 

The behavior of this spacing is shown in Figure [5] If we restrict our attention to the far from extremal black hole, i.e., 
in the neighborhood of a/M = 0, one easily obtains a spacing larger than 2irH. And when a/M = 0, it reduces to the 
Schwarzschild black hole case in d = 4. On the other hand, one can find that for a Kerr black hole with spin \a\, there 
exist two unstable circular null geodesies, the counterrotating orbit and corotating orbit, which implies that there 
are two sets of the QNM frequencies, and two different entropy spectra will be obtained. Thus the entropy spectrum 
obtained in this way is seems to depend on the sign of the orbit angular momentum of the masslcss particle. However, 
it is not the case. In [58|, the authors clearly showed that there exist two distinct sets of the QNM frequencies for 
nearly extremal Kerr black holes. Here we can conjecture that this result is also held for an arbitrary rotating black 
hole. And these two distinct sets could be interpreted with the counterrotating and corotating orbits, respectively. 
So the entropy spectra obtained from the counterrotating and corotating orbits are in fact calculated with the two 
distinct sets of QNM frequencies. Therefore the spectra have no relation with the sign of the orbit angular momentum. 
From Figure [U one easily finds that the spacing related to the counterrotating orbit has the smaller value than the 
corotating one, which can be understood as that the spacing related to the counterrotating orbit may more approach 
the minimum spacing of the black hole entropy. 



B. d-dimensional Myers- Perry black holes 



In this subsection, we would like to generalize this method to these black holes with spin in higher dimensions. 

In [59l ] , Myers and Perry found a general black hole solution in asymptotically fiat spacetime in d dimensions with 
all di nonvanishing. Here, we only consider the simple case that only a non-zero spin a\ = a =/= 0, therefore the 

metric can be written as 

2 

ds 2 = - dt 2 + 2 (dt + asm 2 6d4>) 2 + ?-dr 2 + p 2 d9 2 



+ (r 2 +a 2 )sm 2 0d(l) 2 + r 2 cos 2 9dQ 2 (d _ 4) , (51) 



9 



with p 2 — r 2 + a 2 cos 2 9 and A = r 2 + a 2 — ^-5- . The parameters p, and a are related to the black hole mass and 
angular momentum in the following forms 

The outer horizon is determined as the largest root of A(r) = 0, which gives 

r 2 + a 2 - = 0. (53) 



For d = 4, it reduces to the Kerr black hole with Th = M + V M 2 — a 2 . And for d ~ 5, we easily get = \J p — a 2 . 
Thus these two black hole cases are bounded with a maximum spin a max . While when d > 6, there is an interesting 
result that the spin a of the black hole could be arbitrary large, which is referred as the "ultra-spinning" black hole. 
However, here we only consider the small a limit. The black hole temperature is calculated as 

t mp = 1 ( 2rt! + d-5 (54) 
In the equatorial hyperplane, the metric is of the general form Q with metric functions given by 

A(r) = 1 - r 3 -<V, B(r) = J C(r) = r 2 + a 2 (l + r 3 ^), D(r) = (55) 
The radius of the circular orbit is determined by ([T5| . which leads to 

2r 2d ~ 6 - (d + l)nr d - 3 + 2ap(d - 3)(VA - a)r d ~ 5 + (d - l)/i 2 = 0. (56) 
Generally, this equation cannot be solved analytically. However for small d, the exact result can be obtained. For 



d = 4, it reduces to the Kerr case. And for d = 5, we get r c = \2^j 1 p ± a^fp for counterrotating and corotating 
orbits, respectively. The parameters l c and k are 



I = ^ — ■ 07) 

' C 

AV2 



V2r c (r c rf - 3 -^) 



x y / 2o(d _ 3)(d - 2)p{^/a~^X' c )r d c ~ b + (d 2 - 5d + 2) fir?' 3 + 2r 2d ~ 6 - (d - 4)(d - 1)a< 2 . 

(58) 

Finally, in the small a limit, we can expand the spacing of the entropy spectrum as 



2npr h r 3 "V)(8 + 2(d - l)(d - 4)pr 3 c ~ d ) 

r c (2r^ 3 + (d-5) M ) 
2V2nfi 2 r h r 2 c {2 - d) ((d - 4)(d - l)/i - (2 + (d - 5)d)r c d ~ 3 ) 



^/(d-4)(d-l)//r|- d + 4 (2r^- 3 + (d - 5)/i) 



a^ + C(a 2 ). (59) 



The first term will go back to the Schwarzschild black hole case if p, r c and r/j take the values as that of the 
Schwarzschild black hole. The second term looks like a corrected term from the spin a of the black hole. The spacing 
for d > 5 is plotted against the dimensionless spin parameter a//! 1 /^ -3 ' in Figure |31 It shares the same behavior as 
the Kerr black hole. As d increases, the spacing gets lower and lower, however the line becomes flat in high dimensions. 
In summary, we still obtain a spacing smaller than 2ttH in the small a limit for d > 5. 



V. SUMMARY 



In this paper, we show that the QNM frequencies of an asymptotically flat black hole in any dimension can be 
understood from the null geodesies. The physical view is thought that the QNM frequencies can be interpreted in 
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FIG. 3: The spacing of the entropy spectrum for the Myers- Perry black holes as a function of the dimensionless spin parameter 
a / M V(<*-3) for d=5,6, 7, 8, 9, 10 from top to bottom. 

terms of the massless particles trapped at the unstable circular null geodesies and slowly leaking out to infinity. The 
real part of the QNM frequencies is found to be the inverse of their impact parameter l c measured at the unstable 
circular null geodesies, and the imaginary part is k/I c . 

Then using the new physical interpretation of QNM frequencies proposed by Maggiore, we calculate the quantum 
spectrum of the entropy for different black holes following the Hod's method. The result can be summarized as follows: 

(i) The spacing of the entropy spectrum is dependent of the dimension d of the spcetime. It decreases with d, and 
the largest spacing is AS w 2.17747rS for d = 4. When d > 151, the low bound of the spacing AS as suggested in [49[ 
will be violated, and when d — > oo, the spacing will vanish. 

(ii) For a far from extremal black hole, the value of the spacing of the entropy spectrum is found to be larger than 
2ttH for d = 4 and smaller than 2nh for d > 5, which is very different from these obtained from the previous work 
p4l |25| (and references therein) by using the usual QNM frequencies. 

In summary, since the spacing of the entropy spectrum in this paper is expressed in terms of the Hawking temper- 
ature and null geodesies of the black holes, this method is therefore justify to extend to other stationary black holes 
in non-Einstein gravity, and we conjecture that our result is universal. 

Acknowledgement 

This work was supported by the National Natural Science Foundation of China (Grant No. 11205074 and Grant 
No. 11075065), and the Huo Ying-Dong Education Foundation of the Chinese Ministry of Education (Grant No. 
121106). 



[1] J. D. Bekenstein, Lett. Nuovo Cimento 11, 467 (1974); J. D. Bekenstein, Quantum Black Holes as Atoms, 
arXiv:gr-qc/9710076 ; J. D. Bekenstein, Black Holes: Classical Properties, Thermodynamics and Heuristic Quantization, 
arxiv:gr- qc/9808028| . 



[2] 


.1. 


[3] 


J. 


[4] 


.1. 


[5] 


A 


m 


Y 


[7] 


A 


[8] 


A 


[9] 


H 


[10] 


K 


[11] 


H 



and I. B. Khriplovich, Phys. Lett. B 400, 12 (1997) arXiv:hep-th/9703042 



[9] H. A. Kastrup, Phys. Lett. B 385, 75 (1996) arXiv:gr-qc/9605038 



11 



S. Hod, Phys. Rev. Lett. 81, 4293 (1998) [arXiv :gr-qc/9812002 



S. Hod, Phys. Rev. D 59, 024014 (1998) [arXiv:gr-qc/9906004 



G. Kunstatter, Phys. Rev. Lett. 90, 161301 (2003) [arXiv:gr-qc/0212014| 



O. Dreyer, Phys. Rev. Lett. 90, 081301 (2003) [arXiv:gr-qc/0211076 



A. P. Polychronakos, Phys. Rev. D 69, 044010 (2004) arXiv:hep-th/0304135 



M. R. Setare, Class. Quant. Grav. 21, 1453 (2004) [arXiv:hep-th/0311221 
M. R. Setare, Phys. Rev. D 69, 044016 (2004) [arXiv:hep-th/0312061 



M. R. Setare, Gen. Rel. Grav. 37, 1411 (2005) [arXiv:hep-th/0401063j 



M. R. Setare and E. C. Vagenas, Mod. Phys. Lett. A 20, 1923 (2005) [arXiv:hep-t h/0401187 



M. R. Setare, Int. J. Theor. Phys. 44, 1365 (2005) [arXiv:hep-th /0504015 . 

S. Lepe and J. Saavedra, Phys. Lett. B 617, 174 (2005) [arXiv:gr-qc/0410074| . 

M. Maggiore, Phys. Rev. Lett. 100, 141301 (2008) |arXiv:0711.3145l gr-ac]] . 

E. C. Vagenas, JHEP 0811, 073 (2008) [arXiv:0804.3"264t gr-qc]]. 

A. J. M. Medved, Class. Quant. Grav. 25, 205014 (2008) |arXiv:0804. 4346t gr-qc]]. 

D. Kothawala, T. Padmanabhan and S. Sarkar, Phys. Rev. D 78, 104018 (2008) [arXiv:0807."l48ll gr-oc]] . 

S. W. Wei, R. Li, Y. X. Liu, and J. R. Ren, JHEP 03, 076 (2009) [arXiv:0901.0"587l hep-th]] . 

S. Fernando, Phys. Rev. D 79, 124026 (2009) [arXiv:0903.0088l hep-th]] . 

A. Lopez-Ortega, Phys. Lett. B 682, 85 (2009) [arXiv:0910.57797 gr-Qc]] . 

Y. Kwon and S. Nam, Class. Quant. Grav. 27, 125007 (2010) [arXiv:1001.5ll)6p iep-th]] . 

S. W. Wei, Y. X. Liu, K. Yang, and Y. Zhong, Phys. Rev. D 81, 104042 (2010) |arXiv:1002.1553> ep-th]]. 

Y. Kwon and S. Nam, Class. Quant. Grav. 27, 165011 (2010) [arXiv:1002.09TT| hep-th]] . 

P. Gonzalez, E. Papantonopoulos, and J. Saavedra, JHEP 1008, 050 (2010) [arXiv: 1003. 1381 [ hep-th]] . 

A. Lopez-Ortega, Class. Quant. Grav. 28, 035009 (2011) [arXiv:1003.4248{ gr-ac]]. 

D. Chen, H. Yang, and X. Zu, Eur. Phys. J. C 69, 289 (2010) [arXiv:1004.29T6l gr-Qc]]. 
Y. Kwon and S. Nam, Class. Quant. Grav. 28, 035007 (2011) [arXiv:1102.3lT[2ft iep-th]] . 
R. Li, Int. J. Mod. Phys. D 21, 1250014 (2012) |arXiv:1201.0208t gr-qc]]. 

M. Liu, X. Hu, J. Lu, and J. Lu, Mod. Phys. Lett. A 27, 1250123 (2012) |arXiv:1208.6485[ gr-qc]]. 
K. Ropotenko, Phys. Rev. D 80, 044022 (2009) [arXiv:0906.1949[ gr-qc]]. 
L. Jia, P. Mao, and J. Ren, Eur. Phys. J. C 71, 1518 (2011). 

R. Banerjee, B. R. Majhi, and E. C. Vagenas, Phys. Lett. B 686, 279 (2010) |arXiv:0907.427T| hep-th]]. 

B. R. Majhi, Phys. Lett. B 686, 49 (2010) [arXiv:0911.3l39"I hep-th]]. 
Q. Jiang and X. Cai, JHEP 1011, 066 (2010) [arXiv:1011.0243| hep-th]]. 

B. R. Majhi and E. C. Vagenas, Phys. Lett. B 701, 623 (2011) [arXiv:1106.2292[ gr-oc]]. 

D. Chen and H. Yang, Eur. Phys. J. C 72, 2027 (2012) |arXiv:1204.43T27 gr-Qc]]. 
Q. Jiang and Y. Han, Phys. Lett. B 718, 584 (2012) arXiv:1210.4002[ gr-qc]1. 

Q. Jiang, Y. Han, and X. Cai, JHEP 1008, 049 (2010) |arXiv: 1007.4456t hep-th]] . 
K. Ropotenko, Phys. Rev. D 82, 044037 (2010) [arXiv:0911.5635[ gr-qc]]. 

R. Banerjee, B. R. Majhi, and E. C. Vagenas, Europhys. Lett. 92, 20001 (2010) |arXiv:1005.T499"t hep-th]]. 
W. H. Press, Astrophys. J. 170, L105 (1971). 

C. J. Goebel, Astrophys. J. 172, L95 (1972). 

V. Ferrari and B. Mashhoon, Phys. Rev. D 30, 295 (1984). 
B. Mashhoon, Phys. Rev. D 31, 290 (1985). 

E. Berti and K. D. Kokkotas, Phys. Rev. D 71, 124008 (2005) [arXiv:gr-qc/0502065| . 

V. Cardoso, A. S. Miranda, E. Berti, H. Witek, and V. T. Zanchin, Phys. Rev. D 79, 064016 (2009) |arXiv:0812.T806t hep 

th]]. 

I. Zh. Stefanov, S. S. Yazadjiev, and G. G. Gyulchev, Phys. Rev. Lett. 104, 251103 (2010) |arXiv:1003.1609"I gr-oc]]. 
S. W. Wei, Y. X. Liu, and H. Guo, Phys. Rev. D 84, 041501(R) (2011) [arXiv:1103.3822| hep-th]]. 
H. Yang, F. Zhang, A. Zimmerman, D. A. Nichols, E. Berti, and Y. Chen, Branching of quasinormal modes for n 



extremal Kerr black holes, arXiv:1212.3271 gr-qc] 



12 



[59] R. C. Myers and M. J. Perry, Ann. Phys. (N.Y.) 172, 304 (1986). 



